Masking singularities with k— essence fields in an emergent gravity metric 
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It is known that dynamical solutions of the fc-essence equation of motion change the metric for the 
perturbations around these solutions and the perturbations propagate in an emergent spacetime with 
metric G? M " different from the gravitational metric g^ u . We show that for observers travelling with the 
perturbations, there exist homogeneous field configurations for the lagrangian L = [|<7 M " V^V^] 2 
for which a singularity in the gravitational metric g^ v can be masked or hidden for such observers. 
This is shown for the Schwarzschild and the Reissner-Nordstrom metrics. 



PACS numbers: 98.80.Cq 

1. Introduction 

Present day observations have established that the uni- 
verse consists of roughly 25 percent dark matter, 70 per- 
cent dark energy , about 4 percent free hydrogen and he- 
lium with the remaining one percent consisting of stars, 
dust, neutrinos and heavy elements. Actions with non- 
canonical kinetic terms have been shown to be strong 
candidates for dark matter and dark energy. A theory 
with a non-canonical kinetic term was first proposed by 
Born and Infold in order to get rid of the infinite self- 
energy of the electron [l| . Similar theories were also stud- 
ied in 0, Ei| • Cosmology witnessed these models first in 
the context of scalar fields having non-canonical kinetic 
terms which drive inflation. Subsequently k— essence 
models of dark matter and dark energy were also con- 
structed [i - 11 1 . Effective field theories arising from string 
theories also have non-canonical kinetic terms [l2T - fl5| . 

An approach to understand the origins of dark matter 
and dark energy involve setting up lagrangians for what 
are known as k— essence fields in a Friedman-Robertson- 
Walker metric with zero curvature constant. In one ap- 
proach [lj| it is possible to unify the dark matter and 
dark energy components into a single scalar field model 
with the scalar field <f> having a non-canonical kinetic 
term. These scalar fields are the A:— essence fields men- 
tioned above. The general form of the lagrangian for 
these fc— essence models is assumed to be a function F(X) 
with X = hd ,i "V/i<t>Yv$< an d do not depend explicitly on 
<j> to start with. In [lfj, X was shown to satisfy a gen- 
eral scaling relation, viz. X(j^) 2 — Ca(t)~ 6 with C a 
constant (similar expression was also derived in fl7]|). 

Recently a lagrangian for the k— essence field has been 
set up [18[ in a homogeneous and isotropic universe where 
there are two generalised coordinates q(t) = In a(t) (a(t) 
is the scale factor) and a scalar field 4>{t) with a com- 
plicated polynomial interaction between them. In the 
lagrangian, q has a standard kinetic term while <p does 



not have a kinetic part and occurs purely through the 
interaction term. [18[ incorporates the scaling relation of 
[Til l . In [lH questions regarding the amplitude of a scale 
factor at some epoch evolving to a different value at a 
later epoch was addressed for the above lagrangian at 
times close to the big bang (very small scale factor). As 
the scale factor is inversely proportional to the tempera- 
ture at a particular epoch, these amplitudes provided an 
estimate of quantum fluctuations of the temperature. 

Relativistic field theories with canonical kinetic terms 
differ from lagrangian theories of fc-essence in that non- 
trivial dynamical solutions of the fc-essence equation of 
motion not only spontaneously break Lorcntz invariance 
but also change the metric for the perturbations around 
these solutions [i(J. The perturbations propagate 2(J 21 1 



in an emergent spacetime with metric G M „ different from 
(and also not conformally equivalent to) the gravitational 
metric g^. 

Now <7 M „ can contain physical singularities. The mo- 
tivation of this work is to investigate whether scenarios 
can be constructed where the singularity in can be 
"masked" to observers travelling piggy-back on the per- 
turbations of the fc-essence scalar fields. Lagrangians 
for k-essence scalar fields have the general form [io| . 
L(X,<f>) = V((/)) + K 1 ((f>)X + K2((l))X 2 + ... In various 
scenarios have been described for this lagrangian includ- 
ing those linear in X. We show here that a simple model 
lagrangian quadratic in X,viz. L — X 2 has fc-essence 
field configurations (for both the Schwarzschild and the 
Reissner-Nordstrom metrics) for which the singularities 
can be masked for observers sitting on the scalar field per- 
turbations. The plan of the paper is as follows. In Section 
2 a brief summary is given of emergent gravity concepts 
as developed in [20( . In Section 3 the Schwarzschild met- 
ric is considered while Section 4 deals with the Reissner- 
Nordstrom case. Section 5 is the conclusion. 
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EMERGENT GRAVITY 



THE SCHWARZSCHILD SOLUTION 



Consider the k— essence scalar field <\> minimallly cou- 
pled to the gravitational field g^ v . Then the k— essence 
action is + 



Sk[<j>,g^} = d 4 x\/^gL(X,( 



(1) 



where X = i<7 My V M <^V '„</> and means the covariant 
derivative asociated with the metric g^ v . The total action 
describing the dynamics of k— essence and gravity is 

S[4>,g MV ] = J d 4 xV^g[-\M^R + L(x^)} (2) 

where R is the Ricci scalar and Mpi the reduced Planck 
mass. The energy momentum tensor for the k— essence 
field is (with L x = ||, L xx = 0, L = #) 



Till* 



SS k 



Lx V ' n4^v4> - g^vL (3) 



rig- §g»V 

and the equation of motion for the k— essence field is 
1 SS k 



-fJ 



G^V^V, 



2XL 



L = (4a) 



The Schwarzschild metric is given by (r s = 2GM/c 2 = 
2GM, taking c = 1) 

rfs 2 = (1 _ ^ dt 2 _ (1 _ !l)-l dr a _ r 2 {d& 2 + sin 2 0d$2) 

r r 

(6) 

and the emergent metric components are related to 
the Schwarschild metric components g M „ by (56). There- 
fore for L = A 2 , and assuming the k— essence field to be 
spherically symmetric i.e.<f> = 4>(r,t) one has 



Gll = -(l-Ii)-2V3X-4(^) 2 
r v3 or' 



G 22 = 2V3Xg 22 = -2V3X? 



G 33 = 2^X533 = -2V3Xr 2 sin 2 6 (7) 



where the effective metric G^ v is 

G^ = L x g^ + LxxV^cjN^ 
and is physically meaningful only when 
2XLxx 



(5a) 



f 



Lx 



> 



i.e the sound speed c s = (1 



2XL, 



) 1 ' 2 is a real quan- 



tity. When this condition holds everywhere the effective 
metric & v determines the characteristics for k— essence 
[1,[22 -24 1 .For the non-trivial configurations of the k— 



essence field d^4> ^ and G^ is not conformally equiv- 



alent to 



So the characteristics arc different from 



canonical scalar fields whose lagrangians arc linear in X . 
The characteristics determine the local causal structure 
of the spacetime at every point of the manifold. So the 
local causal structure for the k— essence field is different 
from those ones defined by g^ v . 

Making a conformal transfornmation C" = -f^-G^ 

and using the expression for from equation (3) one 
can write the inverse of the metric G^ v as 



L 



x 



SV - c s LxxV ' ^(jNu4> 



(56) 



We will be using this expression for the effective metric 
in all that follows. Also note that after this conformal 
transformation, if we further assume that L is not an 
explicit function of </> then the equation of motion (4a) is 
replaced by ; 



J_SSk 



T2 
^X 



G^VuVvf = 



(46) 



Goi-G 10 _--^-- (8) 

All the other G^v are zero. 

Assume <j>(r,t) to be of the form <f> a {r,t) = (j>u(r) + 
4> 2s {t). Then 



G 00 = (l--)2v / 3A 



2 / #2s \2 

V3 [ dt ' 



G01 — G10 — — -y= 



(9) 



(10) 



where "dot" denotes differentiation with respect to time 
and the "prime" is differentiation with respect to r. As 
we are concerned only with the singularity structure of 
the metrics we are not discussing the G22 and G33 com- 
ponents as <?22 and 1733 are well behaved for r — > 0. 

We assume that L x ; L X x ; Lxx (§7) ; £xx(§f) 
are all well behaved quantities for r — > 0. All these 
conditions hold true in the above equations if we also 
assume that (^ ii ) is well behaved for r — > 0. We shall 
consider only physical singularities. Here these occur 
at r = 0. The singularities at r = r s are coordinate 
singularities and these can always be removed by some 
coordinate transformations and we are not considering 
them. 
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Note that at r = 0, the second terms on the r.h.s. of 
(9) and (10) are well behaved as per our assumptions. 
Therefore good behaviour of G o and G u at r = is 
guaranteed if there exist two functions f\{r), f 2 (r) such 
that both these functions are well behaved at r = and 



(l-^)2\/3X = /i(r 



(1- 



-)~ 1 2v / 3X 



h{r) (11) 



These equations imply that f\(r) = f 2 (r)(l — ^r) 2 - It 
is readily seen that for X to be well behaved as r — s- 
and for the two equations in (11) to be consistent one 



possibility is fi(r) — constant = 1 and /2(f) 
^)~ 2 . Then X is well behaved at r = 0. So 



G 



00 



At 



both Gn 



X = 



Gn & re WC U behaved and 
1 1 



2>/3(l-£) 



With our assumption regarding the form of 0(r, i) 
leads to 



{h s {t)) 2 = -^ + {l-^) 2 ){<p' ls {r)) 2 



k 



(1 



6iJ 2 
(12) 



(13) 



this 



(14) 



where k is a constant. Note that (12) and (14) imply that 
if the sign of (temporal component) Goo has to remain 
positive w.r.t. (spatial components) Gn,G22,G 33 , then 
Goo > 0. This means k < § = 0.75. Only these values of 
k are allowed. 

We now discuss possible solutions to this equation. 
Note that 

Case 1, k = 

We rule out taking k = because then <j>2 S (t) = 
which means that the k— essence scalar field does not 
have any kinetic energy. This violates the basic premise 
of fc— essence where the kinetic energy drives the acceler- 
ated expansion. 

Case 2, k = ^= = 0.5773 < 0.75 



Now we have 

<t>u(r) 



Cl 



and 4. 



where ci,C2 are constants. Now X 
Goo = 1 - -fe-fe = 3 ¥= 9oo 
gn ; G22 = 2y/3Xg 22 ; G33 = 2\/3Xg 33 



= (3)- 1 / 4 so that 
(3)- 1 / 4 i + c 2 (15) 
and 



2^0^ 

Gn = —-, 



G01 = G10 = 

0. All the other off-diagonal components are also zero. 
So the emergent metric without any singularity at r = 
is 



G 

















V° 










-r 2 










2 - 2 /■ 

— r szn 6 



(16) 



It is straightforward to see from eqs.(16) that G^ u and 
g^ v are not conformally equivalent. 

Therefore there exist homogeneous (i.e. indepen- 
dent of ?*) k— essence scalar field configurations, viz. 
<f>(r,i) = ci + (3)~ 1 / 4 i + C2, that can give rise to an emer- 
gent gravity metric where the singularity in the grav- 
itational metric g^ v is masked for observers riding on 
the scalar field perturbations. These configurations also 
satisfy the emergent gravity equations of motion (46) as 

is easily seen: ^[G 00 d^ 2s + G n (d 2 0i s - T^dM + 
G ol V o Vi0 + G io ViV <?(>] = 0. The first two terms 
within third brackets vanish because <p 2s is linear in t 
and 0is is a constant. The last two terms vanish because 
G ol VoVi0 + G lo ViV o = GoiV°W + GioV 1 V ( ty and 
Gqi = G10 = 0. 



THE REISSNER-NORDSTROM BLACK HOLE 

For a static charged black hole with charge Q the met- 
ric is the Reissner-Nordstrom metric: 

2 2 
ds 2 = (l-^ + r -^)dt 2 -(l-^ + r -^)- 1 dr 2 -r 2 (d0 2 + S tn 2 9d^ 2 ) 

(17) 

with r\ = GQ 2 /4ire Q c 4 = GQ 2 /4ire taking c = 1. Wc 
now carry out an exactly similar analysis as before for 
the same lagrangian L = X 2 and assume the solutions 
for <p to be of the form (j> n (r,t) = 4>\ n {r) + 4>2n(t). Then 



'>2n 



Gu 



-7 + ?) 2 ^-7lV at 



1 _!i + 4V 1 2v / 3A-4 



V3\ dr 



(18a) 



2 • 



G01 = G10 = --^=</>2)i0i„; G22 = 2\/3Xg 22 ; G 33 = 2VsXg 33 

(186) 

All the other G pl/ are zero. 

As before at r = 0, the second terms on the r.h.s. 
of (18a) are well behaved as per our assumptions. So 
good behaviour of Goo an d Gn at r = is guaranteed 
if there exist two functions gi(r), 52 (r) such that both 
these functions are well behaved at r = and 



(l~+^)2V3X = gi(r) ; {l- r -l+-^)-^X = g 2 (r) 

(19) 

r 2 

These equations imply that gi(r) = g 2 (r)(l — + -pr) 2 ■ 
For X to be well behaved as r — > and for consistency 

one possibility is gi(r) = constant = 1 and g%(r) = [ 1 — 



4 



Then X is well behaved at r = 0. So 



G 



oo 



2 

73 ( 



-(1- 



r 



,.2 

7^2 • 



2 

7! 



At r = both G 



nil 



Gn are well behaved and 
1 1 



2V3 (1 



With our assumption regarding the form of <p(r, t) 
leads to 



W*)) a = 4 + (i-£ + ^)Vi«(r)) a = * 



(20) 

(21) 
, this 

(22) 



where A: is a constant. For fe = -^=, again (j)'i n {r) = 

and we can write the solution for the /c— essence field as 

a homogeneous field <f>(r,t) = di + (3)-^^ + d 2 , where 

di^ are constants. 

These configurations again satisfy the emergent grav- 
is 2 

ity equations of motion (46) as before: -^[G 00 ^ 2 ^™ + 

G n (df(f>iri - rlMm) + G ol V o Vi0 + G^ViVo^] - 0. 
The first two terms within third brackets vanish be- 
cause 4>2n is linear in t and (f>\ n is a constant. The 
last two terms vanish because G 01 VoVi(/) + G 10 Vi Vo0 = 
G i V°V V + GioV^V and G i = G w = 0. 

The emergent metric in the case of Reisner- Nordstrom 
background is then : 



G 



/ \ 












(1- 



\ 







— r sin 



(23) 



"MASKING" 



We now briefly discuss the "masking" of the singularity 
(we ignore the singularity at r — r s which is a coordinate 
singularity as already mentioned in the beginning). In 
our treatment, the scalar field is a homogeneous scalar 
field , i.e., depends only on the time coordinate. As the 
spatial part of the scalar field is always a constant in r and 
the temporal part is linear in the temporal coordinate, 
our scalar field is well behaved at the central (physical) 
singularity, viz., r = 0. 

The perturbations of the scalar field travels in G^. 
This metric G M „ is perfectly well behaved at r = as 
can be easily seen. Hence in this metric one can never 
"see" the physical singularity. This is what we mean by 
"masking" of the singularity at r = 0. 



Docs this mean that we have done away with the sin- 
gularity. The answer is obviously no as we now show. 
For illustrative purposes we shall confine ourselves to the 



Schwarzschild case. Let us define 
Then it is easy to see that 



G, 



9y.v 



r s 2 

?00 = 77 ; 0011 = 



Sg2 



(r - r s ) 



8g. 



33 



(r - r s ) 2 



(r - r s ) 



(24) 



For the Reisner-Nordstrom background the above equa- 
tions take the form: 



-r s r 3 + rqr 2 



_r s r Q 2 

?00 — J - 77 ; 0011 — / 2 i 2 \2 

r r z 6 [r — rr s + Tq) z 



#022 = 



— r s r 3 + r-gr 2 
^ r 2 _ rrs _j_ r 2\ 



; O~033 = 



(— r s r 3 + r\^r 2 )sin 2 
(r 2 — r s r + 7q) 



(25) 

Note that in both the above examples the change in 
the original metric Sg^ u still carries the same singular- 
ity structure at r = as g^ v . This is as it should be. 
Therefore the singularity is still there but it is impossible 
to be aware of it if we use G^„. This is what we call 
" masking" . 



CONCLUSION 

In this work we have shown that for observers whose 
world line is in an emergent gravity metric G^, 

(a) Thc physical singularity at r = in the gravita- 
tional metric g^ can remain masked for certain configu- 
rations of the k— essence field <j> and observers travelling 
with the perturbations of such k— essence fields will never 
be aware of the physical singularity of the gravitational 
metric as this is not conformally equivalent to the emer- 
gent gravity metric. 

(b) These configurations are homogeneous (i.e. func- 
tions of time t only ) and satisfy the equations of motion 
in the emergent gravity metric. 

(c) The above have been shown here for the 
Schwarzschild and the Rcissncr-Nordstrom metrics. 

Back reaction effects and inhomogeneous field config- 
urations will be discussed in future communications. 
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